Abstract. Let ϕ : D → C be an integrable holomorphic function on the unit disk D and
Introduction
Let D be the unit disk equipped with the hyperbolic metric and f : D → D a quasiconformal map. Then f extends by continuity to a quasisymmetric map h : S 1 → S 1 of the unit circle S 1 . Conversely, a quasisymmetric map h : S 1 → S 1 extends to a quasiconformal map of D and there are infinitely many such extensions (See [5] , [12] ).
The universal Teichmüller space T (D) consists of all quasiconformal maps f : D → D up to an equivalence relation (See [11] , [5] ). Namely, two quasiconformal maps f 1 , f 2 : D → D are equivalent if there exists a conformal map c : D → D such that f −1 2 • c • f 1 extends by continuity to the identity on S 1 . We will use an equivalent definition (See [11] , [5] ):
T (D) = {h : S 1 → S 1 : h is quasisymmetric and fixes 1, i, −1}.
The Thurston boundary of the universal Teichmüller space T (D) is identified with the space P M L b (D) of projective bounded measured laminations on D (See §2. See also [3] , [17] ). We describe the closure of Teichmüller disks in the Thurston bordification T (D) of T (D) (See [6] , [7] , [8] ). The limit point [µ ϕ ] ∈ P M L b (D) is the projective class of the geodesic straightening of the horizontal foliation of ϕ scaled by the reciprocal of the length of the horizontal leaves (See [6] ). Namely, µ ϕ is the measured lamination on D which is given by the transverse measure
for transverse arc I to the vertical foliation of ϕ, where l(z) is the length of the horizontal trajectory through z = x + yi ∈ I and dy is the differential of the vertical displacement in the natural parameter z = x + yi of ϕ. For an integrable holomorphic quadratic differential ϕ on D, the Teichmüller disk is a holomorphic disk in T (D) given by the family of Beltrami differentials {λϕ/|ϕ|} λ∈D . Let D ϕ (λ) be the Teichmüller equivalence class associated to the Beltrami differential λϕ/|ϕ|. We will prove the following, which is a generalization of a result in [6] .
Theorem 1.1 (Teichmüller deformation has the limit).
is extended as an injective, continuous map from the closed unit disk D to the Thurston bordification
Remark 1.2. Almost all horizontal leaves of ϕ have exactly two limit points on S 1 (See [18] ). The measured lamination µ ϕ has support on the geodesic lamination of D obtained by replacing the leaves of ϕ with geodesics (for the hyperbolic metric) of D that have the same endpoints as horizontal leaves. The transverse measure of µ ϕ is given by the above integral and notice that (unlike in the case of closed surfaces) it is not simply the vertical transverse measure induced by ϕ. In fact, almost all horizontal leaves of ϕ have finite length (in the metric | √ ϕ(ζ)dζ|) and the transverse measure is scaled by the reciprocal of the length of the horizontal leaves thus giving us a new type of limit when compared to closed surfaces (See [6] ). The projective class of µ ϕ is the unique accumulation point on the Thurston boundary of a sequence in the Teichmüller disks corresponding to the Teichmüller deformations D ϕ (λ) as λ → 1. Theorem 1.1 suggests that the behaviour of the Teichmüller disks in T (D) is "tame" when compared to the behavior of those in the finite dimensional Teichmüller space. Namely, when S is a closed Riemann surface of genus at least two, Masur [15] proved that the Teichmüller geodesics in T (S) corresponding to holomorphic quadratic differentials with uniquely ergodic horizontal foliations have a unique limit point on the Thurston boundary of T (S). However, when the horizontal foliation of a holomorphic quadratic differential on S is not uniquely ergodic the corresponding Teichmüller geodesic can have more than one limit point on the Thurston boundary of T (S) (See [14] , [4] , [13] ). As related topic, for a closed Riemann surface S of genus at least two and a holomorphic quadratic differential on S whose horizontal foliation is uniquely ergodic, Jiang-Su [9] and Alberge [1] proved that the corresponding horocyclic path has a unique limit point on the the Thurston boundary of T (S) which is the projective class of the horizontal foliation. However, to the authors knowledge, the other cases (e.g. the convergence to 1 outside any horoball based at 1) are still not understood for compact surfaces.
A geodesic current on D is a positive Radon measure on the space of geodesics of D (See [2] , [3] , [17] . See § 2). The Liouville map L maps the universal Teichmüller space T (D) into the space of geodesic currents by taking the pull-back of the Liouville measure L on the space of geodesics of D (See [2] , [3] , [17] . See §2). The universal Teichmüller space T (D) is homeomorphic to its image L(T (D)) inside the space of geodesic currents (See [2] and [3] ).
By definition, the Thurston boundary of the universal Teichmüller space T (D) consists of limit points in the space of projective geodesic currents of the projectivization of L(T (D)). Let h λ : S 1 → S 1 be the quasisymmetric map fixing 1, i and −1 that represents the Teichmüller deformation D ϕ (λ). Since L(h λ ) → ∞ in the space of geodesic currents as λ → 1, it is natural to consider the rate of convergence to the infinity.
Theorem 1.3 (Asymptotics of Teichmüller deformation). Let h
λ : S 1 → S 1 be the qua- sisymmetric map that represents D ϕ (λ) in T (D). Then, as λ → 1, 1 − |λ| 2π L(h λ ) → µ ϕ .
Thurston boundary of the universal Teichmüller space
Denote by D = {z : |z| < 1} the unit disk equipped with the hyperbolic metric 
given in the counterclockwise order, the Liouville measure is given by (See Bonahon [2] )
The universal Teichmüller space T (D) consists of all quasisymmetric maps h :
that fix 1, i and −1. A geodesic current on D is a positive Borel measure on the space of geodesics (S 1 × S 1 ) − diag. Bonahon [2] introduced an embedding of the Teichmüller space T (S) into the space of geodesic currents equipped with the weak* topology via the Liouville map, where S is a closed surface of genus at least two. Moreover, T (D) and T (X), for X any Riemann surface, embeds into the space of geodesic currents when equipped with the uniform weak* topology (See [3] , [17] ). The Liouville map
where h : Given an integrable holomorphic function ϕ : D → C, the corresponding Teichmüller geodesic is given by the equivalence class of quasiconformal maps
where 0 ≤ t < 1 and z = * ϕ(ζ)dζ is the natural parameter for D defined by ϕ. Let k t : S 1 → S 1 be a quasisymmetric map representing the equivalence class of g t . Notice that the maximal dilatation K(g t ) of g t is equal to 1+t 1−t when 0 ≤ t < 1. Let µ ϕ be measured lamination on D whose support is the closure of the set of (hyperbolic) geodesics which have the same endpoints on S 1 as horizontal trajectories of ϕ, i.e the leaves of µ ϕ are obtained by straightening the horizontal trajectories of ϕ. Since almost all horizontal trajectories have two distinct limit points on S 1 (See [18] ), it follows that to almost every horizontal trajectory there corresponds a hyperbolic geodesic in the support of µ ϕ .
We define the µ ϕ -measure of a box of geodesics 
where J k is the image of J k under the canonical coordinates z = x + ti corresponding to ϕ and l(ζ) is the ϕ-length of the horizontal trajectory through ζ, and similar for l(z).
in the weak* topology on the geodesic currents G, where µ ϕ is the above measured lamination of D. In general, an example showed that the above convergence does not hold for the uniform weak* topology (See [6] ).
Modulus of a curve family
Let Γ be a family of curves in C. A metric ρ(z)|dz|, where ρ(z) ≥ 0 and measurable, is said to be allowable for Γ if for every γ ∈ Γ we have γ ρ(z)|dz| ≥ 1.
The modulus of a curve family Γ is given by
where the infimum is over all allowable metrics ρ(z)|dz| for the curve family Γ.
The following properties of the modulus of families of curves are standard:
Liouville measure of boxes and modulus of curves
In [7] , Hakobyan and the second author observed that the Liouville measure and the modulus of a curve family are asymptotic to each other. Lemma 4.1 (See [7] ). Let (a, b, c, d) be a quadruple of points on S 1 in the counterclockwise order. Let
where L is the Liouville measure.
Moreover, mod(h t (Γ [a,b]×[c,d] )) is bounded if and only if
5. Proof of Theorem 1.1
Convergence of Liouville measures.
We identify (by a Möbius map) the unit disk D with the right half-plane H >0 = {w ∈ C | Re(w) > 0} such that the positive radius in D is mapped to the real axis in H >0 and 1 ∈ S 1 = ∂D is mapped to ∞ ∈ ∂H >0 . Then, Theorem 1.1 is rephrased as follows: For s + ti ∈ H >0 , we consider the quasiconformal mapping f s+ti on D with the Beltrami differential
In the natural parameter z = x + yi = * √ ϕ(ζ)dζ, the corresponding quasiconformal mappings are
. We will prove Theorem 5.1. Let {f s+ti } s+ti∈H >0 be the Teichmüller deformations corresponding to an integrable homolorphic quadratic differential (i.e. an integrable function) ϕ on the unit disk D.
in the weak* sense as s + |t| → ∞. 
The continuity of the extension also follows from Theorem 5.1 and the diagonal argument. Indeed, let {s n + t n i} n be a sequence in H − {∞} with s n + t n i → ∞. We may assume that all t n = 0. From the above discussion, the limit measure at s n is µ ϕn where ϕ n = (
− diag and > 0, we take t n > 0 for any n,
and t n → 0 where ϕ n = (s n + i)/(s n − i)ϕ. Since s n + |t n | → ∞, we obtain the convergence
as n → ∞. Thus, µ ϕn converges to µ ϕ in the weak* sense.
Proof of Theorem 5.1. An elementary computation gives the Beltrami coefficient of
Since
as s + |t| → ∞.
Proposition 5.2. Under the above notation
lim sup 
. Thus ρ δ is allowable for the family
and by the definition of the modulus mod(
From (2) and the quasi-invariance of the modulus we obtain (4) lim [6] ). Here, a sequence of rectifiable curves γ n converges to a curve γ if there is a uniformly Lipschitz parametrizations of all curves by the same interval so that γ n converge uniformly to γ as functions. A sequence Γ n of families of rectifiable curves has limit Γ if Γ consists of all curves γ such that there is a sequence γ n ∈ Γ n with γ n converges to γ in the above sense. By applying Keith's theorem (See [10] and [6] ) we have (5) mod(Γ <δ B ) → mod(|ν B |) as δ → 0. Keith's theorem is stated for compact metric spaces and in the metric induced by an integrable holomorphic quadratic differentials some points of S 1 could be on infinite distance from the interior points. Note that even when some points of S 1 are on infinite ϕ-distance the formula (5) Therefore by (4) and (3) we obtain lim sup
Since the left hand side of the above inequality does not depend on δ and the right hand side converges to mod|ν B | as δ → 0, we obtained lim sup
By the use of the Beurling's criteria (See [7] ), we conclude that the metric
in the canonical coordinates z = x + yi of ϕ is extremal for the family of curves |ν B |. Consequently, we get mod(|ν B |) = µ ϕ (B) and the proof is finished.
We also need a converse inequality whose proof is our main contribution. When the convergence is only along the Teichmüller geodesic this inequality follows essentially by Beurling's criteria (See [6] ) while the proof when the convergence is along an arbitrary sequence in D ϕ is more substantial. We first prove a special case of the converse inequality in the following lemma. 
Proof. From the large right angled triangle in Figure 2 we get
Let h be the Euclidean length of the orthogonal arcs to the two slanted sides of f s+ti (R). Then the small right-angled triangle gives
The above two equalities give
Let l be the length of the subarc of the slated side of f s+ti (R) that consists of endpoints of the arcs of length h orthogonal to both slanted sides. Then we have
The family of curves f s+ti (Γ) contains a subfamily Γ s+ti of all line segments that are orthogonal at both ends to the slanted boundary sides of f s+ti (R) except the line segments that have at least one endpoint in f s+ti (({0} × A) ∪ ({a} × A)). The total Lebesgue measure of the set of endpoints of Γ s+ti is at least l − 2m(A) 1 + t 2 s 2 . This gives
Using the above estimates we obtain
Note that lim sup s+|t|→∞ |t| s(s+ 
Proof. Let D s+ti := f s+ti (D) and R s+ti := f s+ti (R). Let Γ We are ready to prove the lower bound for the general case. such that S ω and S ω can have in common at most one of their boundary horizontal trajectories for ω = ω . Let β ω be a segment of the vertical trajectory that defines S ω (See Strebel [18] ). Denote by Γ ω the family of curves in the strip S ω that connects the vertical sides of S ω . Then Γ ω ⊂ Γ B and by monotonicity and additivity mod(f s+ti (Γ B )) ≥ ω mod(f s+ti (Γ ω )).
We fix ω and estimate mod(f s+ti (Γ ω )). Let D be the image of S ω in the natural parameter such that β ω is mapped onto the interval [0, s 0 ] of the y-axis. Then there exist h 1 , h 2 : [0, s 0 ] → R ∪ {−∞, ∞} such that D = {x + yi ∈ C | 0 < y < s 0 , h 2 (y) < x < h 1 (y)}, h 1 (y) > 0 > h 2 (y) for all y ∈ [0, s 0 ] and that lim inf y→y 0 h 1 (y) ≥ h 1 (y 0 ) and lim sup y→y 0 h 2 (y) ≤ h 2 (y 0 ) for all y 0 ∈ [0, s 0 ]. The function h 1 is lower semicontinuous and the function h 2 is upper semicontinuous. Thus h 1 has a minimum c 1 > 0 and h 2 has a maximum c 2 < 0 on [0, s 0 ].
